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Abstract
In this paper we find annular bounds for theogef a polynomial .
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I ntroduction
A classic result on the zeros of polynomials isftiilowing theorem due to Cauchy[5]:
Theorem A : Let

P(z2)=a,+az+ a222 +.. + an_lz”‘l +a,z",a, # Obe a complex polynomial. Then all the zeros of P(z)
lie in the closed diskizl <1+ M, where

a| .
M:ma%—’,J:OJ,Z, ...... n-1
a

n

The bound for the zeros given by the above theawasisharpened for a lacunary polynomial by Guihr who
proved the following result.

Theorem B: Let P(2) =a, +a,z+a,z° +.....+a,z" +a,z",a, # 01< p<n-1, be a polynomial of
degree n. Then all the zeros of P(z) Iie*zhs max(, k) , where k # lis the positive root of the equation

z™-z2"-Mz"*+M =0

a | .
and M =ma>*—',j =012,...... P
aﬂ

In this paper we find annular bounds for the zexbthe polynomial given in Theorem B. In facte ywrove the
following result:

Theorem 1: Let P(2) =a, +az+a,z* +....+a,z" +a,z",a, # 01< p<n-1, be a polynomial of

degree n. Then all the zeros of P(z) lieRn < |Z| < R,where

- R¥[a)(M" —[ag]) +RYa] (M ~[a,)? + 4M *R7[a|
- 2M "2 ’

R

M’ = |an| [Rn+l—Rn+|V|RP+1—|\/|R],
R-1

8,

M = max—|,
an

R=1+k, and# 1 is the positive root of the equation

zZ™M-z"-Mz"+M =0
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Taking p=n-1in Theorem 1, we get the follogviresult:
Corollary 1: Let P(2) =@, +a,z+a,z* +.....+a,,2" " +a,2", be a polynomial of degree n. Then all the

zeros of P(z) lie iR, < |Z| < R,where

—RYa,|(M" ~[ag]) + Rl (M ~[a,)? + 4M *R?[a|
R = 2M'2 ’

M =22 Ry v R - MR
R-1 '

8,
M =max—|,
an
R=1+k, and# 1 is the positive root of the equation
™ -@1+M)Z"+M =0 .
Taking @, = 1in Cor. 1, we get the following result, which waartly proved by

Chadia Affani-Aji et al [1] .
Corollary 2: Let P(2) =a, +a,z+a,z° +.....+a_,2"" + 2" be a polynomial of degree n. Then all the

zeros of P(z) lie iR, < |Z| < R,where

-R¥a,|(M - [ag) + R, (M ~[a,))? + 4M *R?a,|
R = 2M "2 ’
1

M’ =—[Rn+1 +(M -DR" -MR],
R-1
M = ma#aj‘,j =012,.....n-1,
R=1+k, and# 1 is the positive root of the equation
™ -@1+M)Z"+M =0 .
Taking p=1in Theorem 1, we get the follownegult:
Corollary 3: Let P(2) = a, +alz+anz“ be a polynomial of degree n. Then all the zeros Bfz) lie in

R < |Z| < R,where

- R¥[a)(M" —[ag]) + R[] (M ~[a,)? + 4M *R7[a|
R = 2M "2 ’

j=012,...n-1

M’ =|a,[R" +MR],

a.
M = ma%—J
an

R=1+k, and# 1 is the positive root of the equation
2" -@1+M)z"+M =0 .

, ] =04,

Lemmas
For the proof of the above theorem , we need theviong results:

Lemma 1: Let f(z) be analytic for|Z| <1, f(0)=a, where|al <1, f'(0) = b,| f (Z)| <1 for |Z| =1 . Then, for

4s1
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(2= A-[a|Z" +[o|2+[alt-Ja) -
@-[ah2” +[b|2 + (L~ d)

The above lemma is due to Govil et al.[2].
Lemma 2: Letf(z) be analytic fodzl <R, f(0)=0, f'(0) =band |f (Z)| <M for |Z| =1. Then, for|Z| <R,

M[Z M|z + R’
R M+|Zh

(2| <

f (Rz)

The above lemma is due to Govil and Jain [3, lerBinand follows by applying Lemma 1 to the functieHM— ,

which clearly satisfies the conditions of Lemma 1.

Proof of Theorem 1
In view of Theorem B, it suffices to show that Pdpes not vanish ihz' <R.

We have

P(2)=a,2" +a,z° +....+az+4,

=a,+9(2).

where

9(2=a,z" +a,z" +...+az.
Therefore , f0|12| =R>1,

9(2)| =|a, 2" +a,z° +....+ alz{
<[a7"+|a,[2" +....+[a]
:|ah|R”+ap‘Rp+ ...... +|a|R
a a
=la,[R" +—RP +.....+|-}R]
Al 2
<la,[[R*+M{R" +.....+ R}
=[a R + MRR"=D)
R-1

:FLa—i'l[R"*l ~R" +MR"* - MR]

Since g(zI;/lis. analytic fo|rZ| <R, g(0)=0,9'(0) =, and|g(z)| < M'for |Z| =R, it follows by lemma 2 that
Mg M2+ Ra) _ M4 +MRZa,
RP M'+[dal  RA(M'+[Za)
Hence for|Z| <R,
P(2) =|a, + 9(2)|

for|Z|SR.

l9(2)| <
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2 [a| |9 (2)|
M2|Z° + MR?|Za,
o M MR )
RE(M + |z
1 12 2 2 r 2 1
=- M%7 +R M’ =[a,|) - R*M
i M T  RldRI - ReM e
M Rl ) R M e M R
R*(M' +|Z|a,)) 2Mm'?

o+ FBIOM " lao) ~ R (M —Jag)* + M “Relag
2M'?

]

>0

~R7a,|(M ~[ag]) ++/R¥a,] (M [a))? +4M *R?a,| _
|Z|< 2M!2 - R1

This shows that P(z) does not vanisI'MK R, and the proof is complete.
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